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1. INTRODUCTION
 4Suppose that N s 1, 2, . . . is partitioned into p subsets N , . . . , N ,1 p
 4and let Y , . . . , Y be p random variables. Let X be a sequence of1 p n
independent random variables such that X has the same distribution asn
w xY whenever n g N , 1 F i F p. Recently, Spataru 5 proved the followingÆi i
complete convergence theorem.
 .THEOREM. Assume that Conditions A and B below hold. Then
` n
P X ) ne - `, ;e ) 0, 1 .  k /
ns1 ks1
if and only if
` n
< <P X G n - ` 2 . .  k
ns1 ks1
and
n1
< <lim EX I X - n s 0. 3 . . k knnª` ks1
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 4 w xCONDITION A. For each i g 1, . . . , p , there exists a g 0, 1 andi
 .  .positive constants C i , C i such that1 2
C i nai F a n F C i na iq1 r2 .  .  .1 i 2
 .  4for all n large, where a n s a l g N : l F n , 1 F i F p.i i
CONDITION B. There is a constant C such that, for any n g N and
i s 1, . . . , p,
` 1 a n .iF C . 3 3k nksn , kgNi
w x  .Spataru 5 conjectured that without any extra conditions, Eq. 1 holdsÆ
 .  .iff 2 and 3 hold.
 .  .  .Spataru also proved that 2 and 3 are necessary for 1 in general. TheÆ
w xconjecture is true for the case of p s 1 as proved by Hsu and Robbins 4
w xfor sufficiency and Erdos 2, 3 for necessity. However, the conjecture isÍ
valid only for the case of p s 1. In this paper we disprove the above
conjecture using an explicit counterexample.
Throughout this paper, the symbol C denotes a general positive constant
which is not necessarily the same one in each appearance.
2. COUNTEREXAMPLE
To give a counterexample we need the following lemma.
 .  .LEMMA. Let f n be a positi¨ e integer-¨ alued function satisfying f n F Cn
 4for all n G 1. Assume that Z is a sequence of independent and identicallyn
distributed random ¨ariables with mean zero. If 0 - e - d , then
< <P Z q ??? qZ G ne G f n P Z G nd 1 y o 1 .  . . . .1 f n. 1
as n ª `.
w xThis generalizes a result of Asmussen and Kurtz 1 . The proof is similar
and omitted.
`  xEXAMPLE. Let p s 2 and assume that N s D n , 2n y n ,1 ls0 l l ly1
N s N _ N , where n s 0, n s 2 nly 1, l G 0. Let Y be a symmetric2 1 y1 l 1
integrable random variable having the probability density function
C¡
< <, n F x - n q 1, l G 2,l l2~g x s . l log l n log n . l l¢
0, elsewhere,
`  .where C is a constant satisfying H g x dx s 1, and let Y ' 0.y` 2
NOTE608
Then it is easy to see that
n q i , 1 F i F n y n ,ly1 l ly1
a n q i s 4 .  .1 l  n , n y n - i F n y n ,l l ly1 lq1 l
and
ly1 ly23 1
2 2b n s n n y n q n q 2 n n y 2 n .  1 l l ly1 ly1 ly1 i iy1 i2 2 is1 is0
; n n ,l ly1
 . n  .where b n s  a i . Moreover,1 is1 1
1n n q in q i i q 1 , 1 F i F n y n , .l ly1 ly1 l ly12
b n q i ; .1 l 1 2 n q n i y n q n , n y n - i F n y n . .l l l ly1 l ly1 lq1 l2
5 .
 .From 4 , we have
a n a n n .  .1 1 lq1 l
lim inf F lim inf s lim s 1
log nrlog 2 log n rlog 2 log n rlog 2nª` lª` lª`lq1 lq1
and
a n a 2n y n n 1 .  .1 1 l ly1 l
lim sup G lim sup s lim s ,
n 2n y n 2n y n 2lª`nª` lª` l ly1 l ly1
which shows that Condition A does not hold. Also, we have
2n yn` ` l ly11 1 1 1 1
C G G G G C . 6 .  1 22 3 3 3 2n k k k nl lksn ksn , kgN ksn q1l l 1 l
 .  .Since a n s n s log n rlog 2, Condition B does not hold by 6 .1 l ly1 l
 .  .Next we claim that 2 and 3 hold. We have
` ` `
< < < <a n P Y G n s a n P i F Y - i q 1 .  . .  .  1 1 1 1
ns1 ns1 isn
`
< <s P i F Y - i q 1 b i . . 1 1
is1
`
< <s P n F Y - n q 1 b n . . l 1 l 1 l
ls2
` b n .1 ls 2C - `, 7 . 2l log l n log n .ls2 l l
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 .  .since b n ; n n by 5 . Noting that1 l l ly1
` n `
< < < < < <P X G n s a n P Y G n q a n P Y G n .  . .  .  .  k 1 1 2 2
ns1 ks1 ns1
`
< <s a n P Y G n , .  . 1 1
ns1
 .  .  .2 holds by 7 . On the other hand, 3 is trivial because the random
variable X is either symmetric or 0.n
 .Now we claim that 1 does not hold. Let 0 - e - 1r2. By the lemma
with d s 1r2, we have
` n `
< <P X G ne G C a n P Y G nr2 .  .  k 1 1 /ns1 ks1, kgN ns11
`
< <s C P ir2 F Y - i q 1 r2 b i .  . . 1 1
is1
`
< <s C P n F Y - n q 1r2 b 2n . . l 1 l 1 l
ls2
< <qP n q 1r2 F Y - n q 1 b 2n q 1 . .l 1 l 1 l
`
< <G C P n F Y - n q 1 b 2n . . l 1 l 1 l
ls2
` b 2n .1 ls 2C s `, 2l log l n log n .ls2 l l
 . 2  .since b 2n ; n r2 by 5 . Taking into account that1 l l
n n
P X ) ne s P X ) ne , k k /  /ks1 ks1, kgN1
 .  .we see by 8 that 1 does not hold.
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